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INTRODUCTION

Let X be a nonempty set. A mapping d : X X ! R™ is called a vector-valued metric on X if the following
properties are satis ed:

(1) d(x;y) Oforeachx;y2X;ifd(x;y)=0,thenx=y;
(2) d(x; y) = d(y; x) for each x; y 2 X;
(3) d(x; y) d(x;z)+d(z;y) foreachx;y; z2 X.

A set X equipped with a vector-valued metric d is called a generalized metric space and denoted by (X; d). By
Mm:m(R") we mean that the set of all m m matrices with positive elements. We denote by the zero matrix, and by |
the identity m m matrix. Let A 2 Mm:m(R™), A is said to be convergent to zero if and only if A" ' 0 asn ! 1 (for more
details see [7]).

Let;2R™ =(1;2:n),=(1 2 ;n),and c 2 R. By (resp. <) we mean that i; (resp. i <i) foreach 1im, and by ¢
(resp.<c)forlim.

Notice that for the proof of the main results, we need the following equivalent statements

(1) A is convergent towards zero;
(2 A '0asn !1;
(3) The eigenvalues of A are in the open uint disc, that is, jj < 1, for each 2 C with det(A 1)=0;
(4) The matrix | A is nonsingular and
(I A)I=1+A+ +A + ;
(5)Ag '0andgA" !0asn ! 1, foreach g2 R™.

Where the proof of the above statements are the classical results in matrix analysis (for more details see [1],
[5], and [6]).

De nition 1.1 ([3]). Let (X; ) be a partially ordered set and F : X X ! X. Mapping F is said to be has the mixed
monotone property if F (x; y) is monotone nondecreasing in x and is monotone nonincreasing in y, that is, for every
X;y2X,

(i) foreachxi;x22 X, if X1 Xz, then F (X1;y) F (X2;Y);
(i) foreachys; y22 X, ifyr yz, thenF (x1;y) F (x2;y).
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Let (X; ) be a partially ordered set and d be a metric on X such that (X; d) is a complete metric space. The
product space X X is endowed with the following partial order:

for (x;y); (U;v) 2 X X; (Uv) Xy),x uy v

De nition 1.2 ([3]). Let (X; ) be a partially ordered setand F : X X ! X. An element (x; y) 2

X Xis said to be a coupled xed point of the mapping F , if F (x; y) =x and F (y; x) = .

Gnana Bhaskar and Lakshmikantham in [3], proved the following important Theorem:

Theorem 1.3. [3, Theorem 2.1]Let (X; ) be a partially ordered set and suppose that there exists a metric d on X
such that (X; d) is a complete metric space. Let F : X X! X be a continuous mapping having the mixed monotone
property on X. Assume that there exists a k 2 [0; 1) with

k

d(F (x; ¥); F (u; V) 2 [d(x; u); d(y; V)I;
forallx uandy v. If there exist two elements xo; yo 2 X with

Xo F (Xo; Yo) and Yo F (x0; Yo):
Then there exist x; y 2 X such that

X=F(xy) and y =F (y; X):

De nition 1.4. An element (x; y) 2 X X is called

(1) a coupled coincidence point of mappings F: X X! X and g : X! Xif g(x) = F (x; y) and g(y) = F (y; x), and
(ox; gy) is called a coupled point of coincidence.

(2) a common coupled xed point of mappings F: X X! Xand g: X! Xifx=g(X)=F (x; y) and y = g(y) = F (y;
X).

De nition 1.5. (Let (X; ) be a partially ordered set and F : X X! X and g : X! X be two self mappings. F has the
mixed g-monotone property if F is monotone g-non-decreasing in its rst argument and is monotone g-non-
increasing in its second argument, that is, if for all x1; X2 2 X, gx1 gx2 implies F (x1; y) F (x2; y) for any y 2 X, and for
all y1; y2 2 X, gy1 gyz implies F (x; y1) F (X; y2) for any x 2 X.

De nition 1.6. Let X be a non-empty set. We say that the mappings F : X X! X and g : X! X are commutative if
g(F (x; y)) = F (gx; gy), forall x; y 2 X.

Main Results
Theorem 2.1. Let (X; ) be partial ordered Banach space, and F: X X! Xand g : X! X . and F mapping having
the mixed g monotone property on X. Assume that there exists A 2 Mm m(R+); A 6= | be a nonzero matrix
converging to zero whit:
(2.1) Ji(F (x;y) F(u;v))ii Alijgx gujj +jigy gviil;
for all x; y; u; v 2 X for which g(x) g(u) and g(v) g(y). Suppose that F (X X) g(X), g is sequentially continuous
and commutes with F and also suppose either F is continuous or X has the following property:

() if a non-decreasing fxng ! x, then xn x, for all n.
(1) if a non-decreasing fyng ! y, theny yn, for all n.

If there exist x0; y0 2 X such that g(x0) F (x0; y0) and g(y0) such that g(x) = F (x; y) and g(y) = F (y; x); that is,
F and g have

Proof. Let xo; Yo 2 X with g(xo) F (xo; Yo) = X1 and g(yo) F (yo; Xo0) = g(X1). Suppose that g(x2) = F (x1; y1) and g(yz)
= F (y1; x1). Continuing this process, we have g(Xn+1) = F (Xn; yn) and F (yn; Xn) = g(Xn+1) for all n 0: Thus g(Xn) g(Xn+1;
and g(yn+1): Therefore the g-monotone property of F implies

g(Xn+1) = F (Xn; Yn) F (Xn; yn); and F (yn; Xn) = g(Yn+1):

Thus F (Xn+1; Yn) F (Xn+1; Yn+1) = g(Xn+2), 9(Yn+2) = F (Yn+1; Xne1)  F (Yn+1; Xn):
Then we have g(Xn+1) g(Xn+2) and g(yn+2) g(yn+1). Therefore

g(xo) g(x1) g(x2) g(xn) gXn+1)
and
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g(yo) gly) 9(y2) g(yn) 9(yn+1)

We show that sequences fg(xn)g and fg(y.)g are Cauchy:

Jiglxm) glxnea)jj = iF (xn 13 ¥n 1) F (%n; yn)jj
A

2 lig(xn 1) g(xn)ij +iig(yn 1) 9(yn)ii]

AZ

2 lig(xn 2) g(xn 2)jj + jig(yn 2) 9lyn il

AN

(2.2) 2 lig(x) g(xu)ii + iig(yo) glyaiil:
Similarly

figyn) glyna)jj = JiF (Yn 13 %n 1) F (yn; Xn)jj

Aliiglyn 1) g(yn)ii ighn 1) gxa)ji]
A

2 lig(xn 1) g(xn)ij +iig(yn 1) 9(yn)ii]
A2

2 ligyn 2) g(yn 2)jj +jig(xn 2) glxn il

AN

(2.3) 2 lig(yo) 9lyw)ii + lig(xo) glxa)iil:

Together with (2.2) and (2.3) we have

jig(xn) g(xn+1)ij + jjg(yn) 9lyn+s)ij Aijg(x0) g(xa)ii +jig(yo) g(yw)iil:

For n > m, we have
jig(xn) g(xm)jj + jig(yn) 9(ym)ij
Jig(xn) g(xn 2)jj +Jig(yn) 9lyn ij + =t +jig(Xm) g(Xm+a)jj
+Hig(Xm) g(Xm+1)jj + jjg(ym) 9(Yms)jj
(AM 1+ A" 2+ AM[iig(x0) g(xaij + jig(ye) g(yaiil
(2.4) A™(1A) 'ijg(xo) g(xw)jj +jigalyo) glyn)ii:

Thus sequences fg(xn)g and fg(yn)g are Cauchy

Since X is Banach algebra then these sequence are convergence. Thus there exists x; y 2 X such that

lim g(xn) = x; and lim g(yn) = y:
nil n!l

By continuity of g, limn1 g(g(Xn+1) = g(X) and limna g(g(yn+1) = g(y), and by commutativity of F and g, we have

g(gd(Xn+1) = g(F (xn; yn)) = F (g(Xn); g(yn));

an

9(9(yn+1)) = g(F (yn; Xn)) = F (9(yn); 9(xn)):

Now we show that F (X; y) = g(x) and F (y; X) = g(y):
Frits case: Let F be continuous.

g(x) = lim g(g(xn+1)) = lim F (9(xn); g(yn) = F (lim g(Xn); lim glyn) = F (% y);
n!'l n'l n'l n'l
and

g(y) = lim g(g(yn+)) = lim F (9(yn); g(xw) = F (lim g(yn); lim g(xn)) = F (y; x):
n!'l n'l n'l n'l

Second case: Now, suppbse that (1) and (I1) hold. Since g(xn) ! x and g(yn) ! y; then by (1) and (11), g(x») x and y g(yn) for all n.

Thus
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g F (6 y)ii jig() g(glxna))ii +jig(g(xn+2)) F (X V)i
= jig() g(g(xna))ij + iF (90xn); glyn)) F (% Vi
A
(2.5) ji9() g(g(xna)jj + 2 lig@(xn)) g(xii + jig(a(yn) gMiil:

Hence, take the limit of both sides as n! 1; we have jjg(x) F (x; y)jj O0: Thus g(x) = F (x; y) and

similarly g(y) = F (y; x):
Theorem 2.2. Under the hypothesis of Theorem 2.1, suppose that for every (x; y); (X% y%) 2 X _X;

there exists a couple (u; v) 2 X X such that (F (u; v); F (v; u)) and (F (x% y%); F (y% x%): Then F and g have a unique
couple common xed point, in other word, there exists a unique (x; y) 2 X X such that x = g(x) = F (X; y), and y = g(y)
=F (y: ).

Proof. Existence of the set of coupled coincidence points is due to theorem 2.1. Let (x; y); (X% y %) 2 X X; be the
coupled coincidence points, that is g(x) = F (x; y); g(y) = F (v; x) and g(x°) = F (x% y%); F (y% x° = g(y°): By
assumption, there is a couple (u; v) 2 X X such that (F (u; v); F (v; u)) is comparable to (F (x; y); F (y; X)) and (F (x%
y9); F (y% x9): Set uo = u; vo = v and choose uz; v1 2 X with g(u1) =

F (uo; vo); g(v1) = F (vo; Uo):

Similar to the proof of theorem 2.1, we construct the sequences fg(un)g and fg(vn)g in the way that
g(Xn+1 = F (Un; Vn); g(vn+1 = F (vn; un). Similarly we can construct the the sequences fg(xn)g, fg(yn)g; fg(x°)g and
fg(yn")o:

Xo =X ) g(Xn+1) = F (Xn; yn);
Yo=Y ) g(yn+1) = F (yn; Xn);

X% =x%) g(Xx%n+1) = F (x°n; yn°);
and

yo? =¥°) g(yn%1) = F (yn% x°n):

Since (g9(x); g(y)) = (F (x; ¥); F (y; X)) = (9(x1); 9(y1)) and (F (u; v); F (v; u)) = (g(u1); g(v1)) are com-parable, then
g(x) g(uz) and g(v1) g(y): Similarly (g(x); g(y)) and (g(u1); g(v1)) are comparable, that is g(x) g(un) and g(vn) g(y), for
ni,

A
jjgij) g(un+)jj = JiF (% y) F (un; va)jj 2 [iig(x) g(un)ij +jjgy) gvn)i;
an
A _
jigy) gvaa)jj =jiF (y; X) F (va; un)jj 2 [ijg(y) g(vn)ij +Jig(x) g(un)ji]:
Which imply that
J'_{_er](x) g(un+)jj +jig(y) glva+a)ij Alig(x) g(un)ij + jjg(y) g(va)i:
us
Jig(x) g(un+1)jj +jig(y) a(ve+)ii Afljg(x) g(ua)ij +jjgly) g(va)iil:
If n!1then A"! 0, then jjg(x) g(un+1)jj + jjg(y) g(vn+1)jj! O. Therefore

alim jjg(x) g(un+1)jj = 0; and nlim jjg(y) g(vn+1)jj = O:
11 11
Similarly
lim g(x®) g(u ) =0; and lim aly®) g(v ) =0:
n i n+l jj n i n+l jj
11 11

Thus

Jigx) g(xo)jj Jig(x) g(un+a)ij + jig(un+a) g(xo)_j_j l0asn!1;

igy) 9O iigly) g(vneajj +jig(vnra) g(y?)jj!Oasn! L

Therefore g(x) = g(x°) and g(y) = g(y°). By of commutativity of F and g with g(x) = F (x; y) and g(y) = F (y; x), we get

9(9(x)) = g(F (x; y)) = F (9(X); 9(¥));
and
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g(a(y)) = 9(F (y; x)) = F (a(y); 9(x)):

By letting t = g(x) and s = g(y), then g(t) = F (t; s) and g(s) = F (s; t). This means that (t; s) is coupled
coincidence point, also g(x) = g(t) and g(y) = g(s), where t = x% and s = y°.
Since t = g(x) and s = g(y), then g(t) = t and g(s) = s. So (t; s) is coupled common xed point of F and g.
Uniqueness, follows form g(x) = g(x°) and g(y) = g(y°). Indeed, for another coupled common xed

point (t; s) of Fand g, thent=g(t) = g(t) =tand s = g(s) = g(s) = s:

We now present some results in C -algebras.

Theorem 2.3. Let A be a unital C -algebra and let F : be a holomorphic map
AA A AZ ! A 2
that satis es the conditions F (0; 0) = 0, @& 0;0) =id, @F (0; 0) =0, @F0;0)=0,2 E(©;0 =0, and
@x A @y @x @y’
Q@’F
(0; 0) = 0. Then every (a; b) Z( ) is acoupled xed point for F . Furthermore (a; b)
@y@x 2 AA! A A

is a coupled xed point of F .

Proof. Since every unital C -algebra is semisimple ([8, Corollary 3.2.13]), so by Theorem 3.1 of [9], every (a; b)
2aa\Z(A A) is a coupled xed point for F . Now, suppose x = (a; b); y = (@% b° 2 A A. Since jjxjj = jjx jj, therefore if x
2aaTZanthenx 2 aaTZaa. Aswell as, (xy) =y x=xy = (yx ) thatisx y = yx .

Theorem 2.4. Let A be a unital C -algebra, let F: an A A! A andlet g: a! asuch that F has the mixed g-
monotone property. Assume g is biholomorphic function from a into a such that g(0) = 0 and g°(0) = ida. Then g is -
preserving on a ' Za.

Proof. Let x 2 a Za,by theorem (2.3) x 2 a Za and theorem of [10], g( A Za) = A Za,

=g(x)

we haveg(x):xT T T T
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